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V I .  ADIABATIC CORRECTIONS TO TdNG-RANGE BO POTENTIALS 

.' 

I n  the previous s e c t i o n  the e l e c t r o n i c  wavefunctions fo r  1 a r g e R  

were expressed i n  terms of products of atomic wavefunctions, &c>, 

cha rac t e r i zed  by d e f i n i t e  atomic p a r i t y ,  pc , and angular momenta, 

L, , si , Tc , and Mc . The l a rge  F( expansion of t h e  BO 

e l e c t r o n i c  Hamiltonian was a l s o  expressed a t  Eq. (5-13) i n  terms of 

atomic i r reducibi .e  s p h e r i c a l  tensors  of d e f i n i t e  atomic p a r i t y .  I n  

t h i s  s e c t i o n  the  a d i a b a t i c  c o r r e c t i o n s  a r e  s i m i l a r l y  expressed, and 

p a r i t y  and t h e  Wigner-Eckart theorem83 a r e  used t o  f ind  s e l e c t i o n  

r u l e s  on t h e  c o r r e c t i o n s .  More d e t a i l  on the procedure i s  given i n  

Appendix D. It should be noted t h a t  some of t h e  c o r r e c t i o n s  allowed 

t o  be non-zero by these  s e l e c t i o n  r u l e s  may s t i l l  c o n t a i n  equa l  

terms of opposi te  s i g n s  t h a t  cancel  each other  and l eave  t h e  

c o r r e c t i o n  zero.  

quantum numbers 3 , 
w r i t t e n .  The "resonant" and "non-resonant" cases  introduced a t  

Everything i n  t h i s  s e c t i o n  i s  d i agona l  i n  the good 

and ?e, and they w i l l  not  be  e x p l i c i t l y  

Eq. (5 -72)  a r e  considered i n  order,  and a t  t h e  end of t h e  s e c t i o n  

t h e  meaning and importance of the c o r r e c t i o n s  a r e  discussed.  

A.  The "Resonant" Case 

I n  t h i s  subsec t ion  i t  is  assumed t h a t  t h e  system c o n s i s t s  of 

i d e n t i c a l  atoms i n  s t a t e s  of d i f f e r e n t  e n e r g i e s ;  t h a t  is ,  w i t h  

k%# /f" . The t r u e  resonance case i s  a subcase of t h i s  and is 

def ined  below. I n  order t o  more c l e a r l y  see t h e  r e l a t i v e  importance 
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of the  c o r r e c t i o n s  obtained, the s e l e c t i o n  r u l e s  on the s t a t i c  or BO 

p o t e n t i a l  a r e  reviewed f i r s t ,  and then  t h e  s e l e c t i o n  r u l e s  on t h e  

c o r r e c t i o n s  are obtained. 

1. The BO P o t e n t i a l  
r- 

The s e l e c t i o n  r u l e s  on t h e  long range BO p o t e n t i a l  have been 

84 80 t r e a t e d  i n  d e t a i l  by Knipp , F ~ n t a n a ~ ~ ,  and Chang . They are only 

sketched here .  The c o e f f i c i e n t s  , fo r  n = 3, 4 ,  and 5 are  

given by Eq. (5-25), which now becomes 

where t 3  can be w r i t t e n  i n  t h e  form, 

The n o t a t i o n  i s  explained i n  connection wi th  Eq. (5-69). 

h e r e  ki.= k, and kL= le,, because only t h e  energy degenerate 

quantum numbers a r e  included i n  t h e  summation. 

of  i n t e g r a l s  i n  (6-2) w i l l  be c a l l e d  t h e  "diagonal p a r t "  of (6-2);  

t h e  second product of i n t e g r a l s  w i l l  be c a l l e d  t h e  "off-diagonal p a r t "  

of (6-2). 

One has 

The f i r s t  product 



Now l e t  us f i r s t  consider 

The atomic t enso r s  

sum only the odd p a r i t y  771, 
( 6 - 2 )  vanish fo r  t h i s  case,  and from t h e  Wigner-Eckart theorem 

(Appendix D) ,  t he  off-diagonal  p a r t s  of ( 6 - 2 )  a l s o  vanish unless  

%vT have atomic p a r i t y  (-04 , and i n  t h i s  

A l l  of t he  diagonal  p a r t s  o f  
w, 

appear. 

The l a s t  two r e s t r i c t i o n s  hold because t h e  MLrn only a c t  on 

conf igu ra t ion  space. I f  ( 6 - 4 )  holds,  then ane has  

( 6 - 5 )  

which i s  the t r u e  resonance i n t e r a c t i o n .  

c4) 
To consider E,,, one observes t h a t  f o r  even n the  product 

always c o n s i s t s  of one t enso r  of even p a r i t y  -mplw,,+d -w Ib) 

and one tensor of odd p a r i t y .  

each term i n  ( 6 - 2 )  always vanish and l eads  t o  t h e  r e s u l t  t h a t ,  

f o r  even n , 

This  makes one of the i n t e g r a l s  i n  
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t 

Thus, one always has 

In Eq. (6-1) for , examination of the possible tensors 
shows that one can have 

if either 

or else 

(6-10) 
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(61 The f i r s t  i n t e g r a l  i n  Eq. (5-26) f o r  vanishes  from (6-7). 

The second one i s  

(6-11) 

(6-12)  

The f i r s t  term vanishes  i f  x,”’ i s  f u l l y  diagonal  i n  t h e  se t  of 

degenerate zeroth-order  wavefunctions. The second t e r m  i s  t h e  van 

d e r  Waals c o e f f i c i e n t  and never vanishes.  

2. The Mass P o l a r i z a t i o n  Correct ions 

The mass p o l a r i z a t i o n  c o r r e c t i o n  t o  t h e  e l e c t r o n i c  Hamiltonian 

i s  given by Eq. (5-30), 

(6-13) 

?/;h con t r ibu te s  even a t  Rs 00 . Had i t  been included i n  t h e  
&I 
j p  

1 

separated atom Hamiltonian and t h a t  solved exac t ly ,  t h e  (-m) would 

i 

not  appear;  hence, they simply c o r r e c t  f o r  t he  f a c t  t h a t  w e  used f ixed -  

nucleus atomic wavefunctions r a t h e r  than exac t  atomic wavefunctions. 
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Before cons ider ing  the  energy c o r r e c t i o n s ,  Eq. (5-35 t o  38), let 

us consider  t he  more gene ra l  matr ix  element, 

(6-14) 

\ 

where L , j &  . S u b s t i t u t i n g  i n t o  t h i s ,  one g e t s  a sum 

s i m i l a r  t o  Eq. (6-1) and matrix elements similar t o  Eq. (6-2) wi th  

one V/T rep laced  by - c  P* , t h e  other  replaced by un i ty .  Because 

, or thogona l i ty  makes t h e  of f -d iagonal  p a r t s  vanish. k#hl 
2 

Also fe 

on the  conf igu ra t ion  space. Using t h e  Wigner-Eckart theorem (see 

Appendix D )  t h e  equiva len t  of Eq. (6-2) becomes 

i s  a ze ro  rank, even p a r i t y  atomic tensor  depending only 

where p . / ! g W a = ~ Z p t ~  = I/+ 

mat r ix  elements (ti I [ )  depend only on ka and k, . They can 

be fac tored  out  of t h e  (6- l ) - type sum, and from Eq. (5-73) one ob ta ins  

f o r  l i k e  atoms. These reduced 

* 

(6-16) 

Thus, y27n) i s  always diagonal  no matter what l i n e a r  combination 

(5-70) i s  chosen for 

over t he  whole degenerate  set. 

q.'" . Furthermore, i t  has  t h e  same va lue  
3s 

It s h i f t s  a l l  z e r o t h  order  ene rg ie s  
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(6 1 
bu t  s p l i t s  none of them. Hence, t he  energy c o r r e c t i o n  rjp(%.) i s  

given by Eq. (6-16). 

i f  one makes use of sum r u l e s  

I t s  value i s  o f t en  made e a s i e r  t o  c a l c u l a t e  

. It i s  p o s i t i v e  d e f i n i t e  and 52,68 

always nonzero, 

(4 
For k = 3, 4 ,  or 5, Eq. (5-37) for  (M) becomes 9r 

(6-17) 

(6-18) 

Let us  now rep lace  t h e  energy denominator by an  average value a s .  
I f  one t r ies  t o  es t imate  

t i on .  However, for  Se lec t ion  r u l e  purposes, a l l  one need assert i s  

I t  , t h i s  becomes Unsold's  approxima- 

101 
t h a t  fo r  some djs , 

This  a s s e r t i o n  i s  equiva len t  86 t o  t h e  mean va lue  theorem . Using the  

completeness r e l a t i o n  and (6-16) t h i s  becomes 

(6-20) 

Because conta ins  only even p a r i t y  zero  rank  t enso r s ,  both 

L 

4 
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i n t e g r a l s  i n  (6-20) a r e  sub jec t  t o  j u s t  e x a c t l y  the  same s e l e c t i o n  

r u l e s  a s  NSlk) . One therefore  has  

Furthermore, from t h e  simple symmetry of $:im) and Eq. (5-38), 

i t  i s  c l e a r  t h a t  one always has  

(6-22) 

This  f(%d r e p r e s e n t s  a small c o r r e c t i o n  t o  t h e  BO van d e r  Waals 

c o e f f i c i e n t  5:' . For most atoms 

t o  s u f f i c i e n t  accuracy make Gihnl c o n t r i b u t e  t o  i t s  s i g n i f i c a n t  

f i g u r e s  , but  

f o r  a s p e c i a l  case  i n  which i t  is  s i g n i f i c a n t .  

31p 
i s  not p re sen t ly  known 

c'(m) v w i l l  be t r e a t e d  i n  more d e t a i l  i n  Sec t ion  VI1 

IO1 

We thus see t h a t  d,b) con t r ibu te s  nothing new t o  the  p o t e n t i a l  

b u t  i s  j u s t  a smal l  c o r r e c t i o n  t o  each non-zero term i n  the  BO 

p o t e n t i a l  and i s  due  t o  our choice of atomic wavefunctions. 

3. Correc t ions  t o  the  Cen t r i fuga l  P o t e n t i a l  

Dalgarno and McCarrolll' c a l cu la t ed  c o r r e c t i o n s  t o  the  c e n t r i f u g a l  

p o t e n t i a l ,  bu t  t h e i r  formulas have l imi t ed  meaning and v a l i d i t y  

because they  used t h e  products  3 r a t h e r  than t h e  l i n e a r  

combinations necessary t o  form the  c o r r e c t  ze ro th  order  wavefunctions. 

We now consider  those  co r rec t ions  i n  more d e t a i l .  
(2) 

Let u s  f i r s t  d i scuss  E j&C) . From Eq. (5-39) and (5-41), 

it i s  
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The opera tor  here i s  p o s i t i v e  d e f i n i t e .  Therefore, 

( 6 - 2 3 )  

( 6 - 2 4 )  

r and the  e q u a l i t y  holds  only i f  q: i s  an  e igenfunct ion  of 
(2) 

v 
with  eigenvalue 0 . This  E. (C) appears i n  the  e f f e c t i v e  p o t e n t i a l  

as a t e r m  of @(lbRa) 
i s  t h e  l a r g e s t  pe r tu rba t ion  i n  ( 5 - 2 )  and t h e  zero th  order  wavefunctions 

3b 
. For s u f f i c i e n t l y  l a rge  f? , y; 

are chosen t o  d iagonal ize  i t .  

t h a t  fo r  la rge  enough f? 
t h a t  and can be s imultaneously quant ized.  I n  such cases ,  

( 6 - 2 3 )  i s  e a s i l y  evaluated.  For smaller  Q , when 

always diagona1,Eq. ( 6 - 2 3 )  can s t i l l  be r e a d i l y  evaluated by w r i t i n g  

This  d i agona l i za t ion  simply implies  

t h e  s t a t i c  i n t e r a c t i o n  i s  smal l  enough 

$' i s  not  
2 $ 2  

as 

( 6 - 2 5 )  

The f i r s t  two terms i n  ( 6 - 2 5 )  a r e  zero  rank  tensors ,  t h e  o ther  t h r e e  

a r e  products  of f i r s t  rank tensors .  

Their  a c t i o n s  on @@) 

one j u s t  s u b s t i t u t e s  ( 5 - 7 2 )  and ( 6 - 2 5 )  i n t o  i t  and adds up t h e  r e s u l t s .  

A l l  have even atomic p a r i t y .  

and (Pcb) are  w e l l  known. To eva lua te  (6-23)  

The higher c o r r e c t i o n s  Eyk)  fo r  m = 5,6 are obtained from IP 
( 5 - 4 3 ) ,  
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i 

(6-26) 

2 The term vanishes  from the  normalizat ion condi t ions  (C-48). 
m i ,  

then 5 (Q completely jr If q: i s  an e igenfunct ion  of 

vanishes  fo r  t h e  same reason. Using Eq. (5-74) and the  mean value 

theorem (6-19), Eq. (6-26) becomes 

For any s p e c i f i e d  s e t  of ze ro th  order  func t ions  t h e  i n t e g r a l s  

can  be performed us ing  (6-25). Because a l l  t h e  terms i n  (6-25) have 
iw-a 2 

has the  p a r i t i e s  of #s'm-2) . Therefore,  3 even atomic pa r i ty ,  NS 
t h e  second term i n  (6-27) vanishes fo r  m = 6, 

(6-28) 

For m = 5, one has  H," i n  the  second t e r m  of (6-27) and p a r i t y  

arguments lead t o  

(6-29) 
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i n d i c a t i n g  tha 

, t h e r e  a r e  many d i f f e r e n t  atomic t enso r s  which can ":"%: through t h e  Clebsch-Gordan theorem (Appendix D ) ,  

t t h e  second i n t e g r a l  w i l l  not  u sua l ly  vanish.  

I n  a c t u a l  p r a c t i c e  Eq. (6-27) i s  usua l ly  easy t o  eva lua te  or 

es t imate ,  and w e  do no t  consider  these  general. forms any f u r t h e r .  

4 .  The Cross Der iva t ive  Correct ions 

To ge t  s e l e c t i o n  r u l e s  on the  co r rec t ions  t h a t  come from the  

c r o s s  der iva t ives ,  l e t  us  f i r s t  look a t  

This can be w r i t t e n  i n  terms of atomic tensors ,  

(6-30) 

(6-31) 

When mul t ip l ied  out, each t e r m  c o n s i s t s  of a product of an odd p a r i t y  

func t ion  ( Pf' o r  ?IT ) on one atom and an  even p a r i t y  func t ion  

or un i ty)  on the  o ther .  Therefore,  from Eq. (6-6), 

(6-32) 

And Eq. (5-51) i s  always 

A 

(6-33) 
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To o b t a i n  t h e  c o r r e c t i o n s  i n  ( 5 - 5 3 )  w e  observe t h a t  

( 6 - 3 4 )  

also c o n s i s t s  only of odd tensors  (k= 8') 
even t enso r s  ( u n i t y )  on t h e  other.  

value theorem on Eq. ( 5 - 5 3 )  one ob ta ins  f o r  k = 4 , 5 ,  and 6 ,  

on one atom t i m e s  

Using these  r e su l t s  and t h e  mean 

( 6 - 3 5 )  

I f  k = 4 or 6 ,  then 3/:k-'' c o n s i s t s  only of products of t e n s o r s  

w i th  t h e  same p a r i t y  on each atom and t h e  integrand i n  ( 6 - 3 5 )  w i l l  

again c o n s i s t  only of products of a n  even funct ion on one atom times 

an odd func t ion  on t h e  other .  Thus, from Eq. ( 6 - 6 ) ,  one always has  

( 6 - 3 6 )  

However, fo r  k = 5 ,  ?dsL4)appears and the  r e s u l t i n g  product con ta ins  

func t ions  with the  same p a r i t y  on each atom. I f  one uses  t h e  Clebsch- 

Gordan theorem (Appendix D )  t o  write t h i s  product i n  terms of 

i r r e d u c i b l e  t enso r s  on each atom, he ob ta ins  

The r anks  q and n each run  through a l l  values  shown except t h e  
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combinations 

Hence, it appears t h a t  t h e  only e s s e n t i a l  requirement i n  order  t o  

have 

q = 3, n = 3 and 3 = 0, n = 0, which do no t  occur.  

(6-38) 

i s  t h a t  a t  l e a s t  one of La, L b  i s  non zero.  However, i n  t h i s  ca se  

of i d e n t i c a l  atoms, t he  expec ta t ion  va lues  of some of t h e  terms i n  

(6-31) may tend t o  cance l  o the r  similar terms of opposi te  s ign .  

This  concludes t h e  d i scuss ion  of s e l e c t i o n  r u l e s  f o r  t h e  

"resonant" case. 

case,  a l l  t he  resu l t s  w i l l  be summarized and discussed. 

After  d i scuss ing  s e l e c t i o n  r u l e s  i n  t h e  %on-resonant" 

B. T-C. 

Let u s  assume t h a t  t h e  system now e i t h e r  c o n s i s t s  of u n l i k e  

atoms i n  any s ta tes  or l i k e  atoms i n  s ta tes  of t h e  same energy (k,skJ. 

This  case  i s  considerably simpler t han  t h e  resonance case  discussed 

above. The major d i f f e r e n c e  i s  t h a t  t h e  of i n  (5-70) i s  

redundant and i s  t o  be l e f t  out .  

- 
Then, i n  equat ions l i k e  (6-2), 

only t h e  f i r s t  product (diagonal  p a r t )  appears.  

1. The BO P o t e n t i a l  

A s  f i r s t  shown by K n i ~ p ~ ~  and as pointed out  i n  t h e  d i s c u s s i o n  

of Eq. (6-3) t o  (6-7), when t h e  second t e r m  i n  (6-2) i s  no longer 

included, one has  

(6-39) 
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The next t , e r m  i n  t h e  serFes can be nonzero, 

o n l y  i f  

(6-40) 

(6-41) 

i s  a l s o  s impl i f i ed .  Because of p a r i t y  r e s t r i c t i o n s  

Th i s  never vanishes.  

(6-42) 

2. The Mass P o l a r i z a t i o n  Correct ions 

The mass p o l a r i z a t i o n  co r rec t ions  are not  a f f e c t e d  by t h e  o f f -  

diagonal  p a r t  of (6-2). Eq. (6-16) becomes 

(6-43’) 

fo r  L,jc gJL . One always has 

(6-44) 
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as before .  The procedure leading t o  (6-21) now leads t o  

and 

And as i n  the resonance case  one aga in  always has 

(6-45) 

(6-46) 

(6-47) 

3. Corrections t o  t h e  C e n t r i f u g a l  P o t e n t i a l  

These c o r r e c t i o n s  are also very similar t o  t h e  resonant  case. 

The r e s u l t  of Eq. (6-24), 

(6-48) 

s t i l l  holds as before .  However, by p a r i t y  arguments, i n s t ead  of 

Eq. (6-29), one now has  

(6-49) 

Er"'cc) . 
Jfi  

s imp l i fy ing  t h e  expressions f o r  

4. The Cross Der iva t ive  Correct ions 

The odd-even p a r i t y  combinations of 
(1) 

$ho and Pz aga in  y i e l d  
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(6-50) 

Now, t he  terms of odd p a r i t y  i n  (6-37) do not  c o n t r i b u t e  t o  

However, i t  s t i l l  appears  t h a t  i f  a t  l e a s t  one of 

non zero, one w i l l  o b t a i n  

. 
ih 

f, , L, is 

(6-51) 

which completes t h e  s e l e c t i o n  rules needed. 

e f f e c t i v e  p o t e n t i a l  and t h e  r e l a t i v e  impoftance of t he  c o r r e c t i o n s :  

We next  d i s c u s s  t h e  

C. D~ 

From t h e  r e su l t s ‘ . o f  t h i s  s e c t i o n  t h e  n o n r e l a t i v i s t i c  e f f e c t i v e  

p o t e n t i a l  of Eq. ( 5 - 6 ) ,  c o r r e c t  through 0tP-l) i s  

(6-52) 

The c o e f f i c i e n t s  fo r  ’)1&d which can sometimes be nonzero for 

n e u t r a l  atoms a r e  
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(6-53) 

And for any given system, some of  these terms w i l l  usual ly  vanish. 

One sees  that i n  most ordersof e" , the corrections are 6V-y') 

smaller than an already nonzero term. However, 

centr i fugal  potent ia l  are of 6(r-') 
the terms i n  the 

, and the corrected centr i fugal  

potent ia l  i s  
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The, f i r s t  t e r m  i s  t h e  BO r e s u l t .  The other  two a r e  co r rec t ions .  

Grouping*one a wi th  t h e .  BO r e s u l t  produces the  symmetric top 
2 

r e s u l t  used he re  as t h e  uncorrected c e n t r i f u g a l  p o t e n t i a l ,  Eq. (5-5). 

I f  J i s  large,  it i s  c l e a r  from Eq. (3-9) t h a t  t h e s e  c o r r e c t i o n  

terms have l i t t l e  importance, but i f  3 I i s  small ,  they a r e  of t h e  

same order of magnitude, and due t o  t h e i r  R-'dependence i n  (6-52), 

they can have considerable  e f f e c t  on t h e  long range e f f e c t i v e  p o t e n t i a l .  

I n  d i scuss ing  t h e s e  c o r r e c t i o n s  t o  t h e  c e n t r i f u g a l  p o t e n t i a l  i t  

i s  important t o  emphasize t h e  f a c t  t h a t  they are part  of t h e  e f f e c t i v e  

p o t e n t i a l  and no t  connected with t h e  s t a t i c  p o t e n t i a l .  They a r i se  

s o l e l y  because of t h e  motion of t h e  n u c l e i  and a r e  p re sen t  i n  the 

equat ion f o r  r e l a t i v e  motion of any two p a r t i c l e s  having i n t e r n a l  

s t r u c t u r e .  For example, due t o  t h e i r  sp ins ,  t he  equat ion f o r  t h e  

r e l a t i v e  motion of two neutrons has terms equ iva len t  t o  these  

c o r r e c t i o n s ,  even though t h e  neutrons r e a l l y  have n e g l i g i b l e  i n t e r -  

a c t i o n  a t  t h e s e  f? values .  

mathematically s i g n i f i c a n t  i n  the equat ions f o r  nuclear  motion, they 

have l imi t ed  phys ica l  s ign i f i cance .  F a i l u r e  t o  make t h i s  d i s t i n c t i o n  

l ed  Dalgarno and McCarroll'' i n t o  t h e  d i f f i c u l t y  of an i n f i n i t e  

$,, . 

Thus, while  t h e  c o r r e c t i o n  terms a r e  

e l a s t i c  s c a t t e r i n g  c r o s s  sec t ion .  
[k) 

Because of t h e  s e l e c t i o n  rules  on &f'l) , t he  only s i t u a t i o n  

i n  which t h e  f? ,.u , f o r  k 3 3 ,  might be s i g n i f i c a n t  a t  long range 

yould be a c a s e  I n  which = fjs (5) 0 , s o  t h a t  

i s  t h e  f i r s t  s t a t i c  term, bu t  i n  which e i t h e r  fj,,(cI or f$(d 

d i d  no t  vanish.  One can f i n d  a number of cases  i n  which the  s e l e c t i o n  

5 lb) 

a= e) 
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r u l e s  w i l l  provide this  behavior.  However, many of t h e s e  cases  a r e  

a l s o  those for  whicP Meath has  shown t h a t  t h e r e  is a r e l a t i v i s t i c  

and magnetic c o r r e c t i o n  of o(dZ/RJ) , which would dominate 

t h e  s l l / pRS)  term for a l l  l a rge  R . One of t h e  cases  i n  

which t h e  @(d'/R3) 

20 

a l s o  vanishes  bu t  i n  which t h e  ~ ~ l l / 4 R s )  

term does not vanish is t he  i n t e r a c t i o n  of 

which i s  i n  a '5 s t a t e ,  bu t  t he  o ther  i s  

o r b i t a l  angular momentum, L. Then 

two unl ike  atoms, one of 

i n  any s ta te  of non-zero 

fj:" 5- = 0,  

and most of t h e  c o r r e c t i o n  terms a l s o  vanish,  bu t  one may s t i l l  have 

€;;I%) + 0 
assumes the  form 

. The n o n r e l a t i v i s t i c  e f f e c t i v e  p o t e n t i a l  

( 6 - 5 5 )  

A s p e c i f i c  example i n  which t h e  e f f e c t i v e  p o t e n t i a l  could have t h i s  

s o r t  of behavior is t he  i n t e r a c t i o n  of t h e  ground s t a t e  boron 

(%) and helium ('s) atoms. 

However, even i f  ( 6 - 5 5 )  holda, t he  importance of t h e  O{r/pR") 
term i s  minimized by the  f a c t  t h a t  t h e r e  is always a r e l a t i v i s t i c  

c o r r e c t i o n  of &A'/ u4) . I n  add i t ion ,  i t  should be noted 

t h a t  81 1/pRS) w i l l  not become apprec iab le  compared t o  BCR'9 

u n t i l  R 
and the  whole development breaks down. 

i s  so l a rge  t h a t  r e t a r d a t i o n  e f f e c t s  have t o  be considered 
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VII. EXAMPLE. TWO 1s-HYDROGEN ATOMS 

L 

I n  t h i s  s e c t i o n  t h e  i n t e r a c t i o n  of ground s t a t e  hydrogen atoms 

i s  considered. 

c o r r e c t i o n s  discussed are unimportant, b u t  they serve t o  i l l u s t r a t e  

Th i s  i s  a very simple problem, and some of t h e  

t h e  kinds of terms encountered. The c o r r e c t i o n s  t o  t h e  long range 

p o t e n t i a l s  and t h e  nuclear  equat ions of motion a r e  discussed.  

A. The Zeroth-order Wavefunctions 

I n  t h e  LSJM coupl ing terminology of Sec t ion  V, t h e  ground s t a t e  

hydrogen atom wavefunctions can be w r i t t e n  as 

where i i s  the  e l e c t r o n  a s soc ia t ed  with t h e  atom c ,  and 

From t h e s e  atomic func t ions  one can form four degenerate products  

7 p  = cpm @Cb) . I n  t h i s  ca se  t h e  c o r r e c t  ze ro th  

o rde r  wavefunctions a r e  uniquely determined j u s t  by p r o j e c t i n g  ou t  

e igen func t ions  of 5, and qz . This  i s  a non-resonant i n t e r -  

a c t i o n ,  and t h e  func t ions  au tomat i ca l ly  have 9 or IL symmetry. 

They can be labeled by v(OLsl, B, p) , according t o  (5-67) 

and ( 4 - 3 3 ) ,  or e l se  labeled by the spectroscopic  no ta t ion ,  
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The zeroth-order  func t ions  a r e  e a s i l y  shown t o  be 

The 

func t ions  of b;Ts . The reason t h a t  t he  p a r i t i e s  under $z of 

the  two a=O 

c l a s s i f i e d  a s  + s t a t e s ,  is t h a t  t he  r e f l e c t i o n  opera tor  6y.;t 

inc ludes  spins ,  bu t  t he  

i n  (7-4) implies  t h a t  t h e  func t ions  a r e  not t o  be e igen-  
- 

func t ions  d i f f e r ,  even though they a r e  both 

+ r e f e r s  only t o  space r e f l e c t i o n .  

It should be noted t h a t  t hese  c o r r e c t  ze ro th  order  wavefunctions 

a l s o  happen t o  be e igenfunct ions  of t he  t o t a l  e l e c t r o n i c  angular  

momentum. One has  

where j = O  fo r  t he  'x and 1 fo r  t h e  'z s t a t e s .  
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B. T T  

From t h e  s e l e c t i o n  r u l e s  given i n  Sec t ion  V I ,  one r e a d i l y  f i n d s  

t h a t  most of t h e  c o r r e c t i o n  terms vanish  here ,  and the  long range, 

n o n r e l a t i v i s t i c  e f f e c t i v e  p o t e n t i a l  i s  j u s t  

Here f:) i s  the  energy of t he  separa ted  atoms, and E:") i s  

e s s e n t i a l l y  t h e  van d e r  Waals c o e f f i c i e n t .  

The mass p o l a r i z a t i o n  cor rec t ions ,  $h and 6; could 

be obtained from Eq.( 5-35 and 38). However, i t  i s  much e a s i e r  i n  

t h i s  s p e c i a l  case  t o  fo l low Dalgarno and McCarroll" and use t h e  

v i r i a l  theorem, 8 7  

which i n  t h i s  case  becomes 

(7-9) 

For t h e  i n t e r a c t i o n  of any i so topes  of t h e  hydrogen atom, one has  

(7- 10) 
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and 

(7-11) 

Using t h e  f a c t  t h a t  3.1, 
one can e a s i l y  show from symmetry t h a t  

and $ a r e  independent of m, and m&, a 

(7-12)  

and the re f  ore,  

From (7-7)  and (7-9) one sees  immediately t h a t  

(7-13) 

(7-14) 

(7-15) 

L e t  us now l i s t  the  p o t e n t i a l s  f o r  t he  s t a t e s  (7-3 t o  5 ) .  

Adding i n  the  r e l a t i v i s t i c  c o r r e c t i o n s  obtained by Meath 

a s  t h e  rfong range e f f e c t i v e  p o t e n t i a l s  c o r r e c t  t o  /L.' , d' , and R , 
20 , we have 

- C  
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c 

The cons t an t  t e r m  i s  usuafily subt rac ted  o f f ,  l eav ing  the  e f f e c t i v e  

i n t e r a c t i o n  p o t e n t i a l s ,  = €CR: 444) - E ( ~ ; ~ . F F )  
The numerical  va lues  ( i n  atomic u n i t s )  of t he  cons t an t s  i n  these  

p o t e n t i a l s  a r e  a s  follows. The energy of t he  separa ted  hydrogen 

atoms i s  

t h e  square of t he  f i n e  s t r u c t u r e  cons tan t  i s  

(7- 19) 

and t h e  van d e r  Waals c o e f f i c i e n t  has been accu ra t e ly  ca l cu la t ed  t o  

be 
88 

(7-20) 
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Let u s  now t a b u l a t e  the  cor rec ted  van d e r  Waals c o e f f i c i e n t s  f o r  

some of the i so topes  of hydrogen. 

Isotope 

H2 

HD 

T 2  

-4 (a. u *  1 

918.06 

1223.87 

1835.22 

2748.37 

6.516723 

6.512330 

6.5078 79 

6.504938 

Her e /Lc = -nlMMb/C.nr,+ m,) expressed i n  atomic u n i t s ,  

and we have used m = 1836.12, % = 3670.44, and 9 = 5496.74. 

One sees  t h a t  t h e  c o r r e c t i o n s  t o  E:' are very  smal l  even fo r  t hese  

l i g h t  atoms. 

H 

The most important long range a d i a b a t i c  c o r r e c t i o n  t o  these  

p o t e n t i a l s  i s  thus  seen t o  be t h e  

i n  (7-18). For Rk 90, ( f o r  H2)  i t  c o n t r i b u t e s  more t o  the  

e f f e c t i v e  p o t e n t i a l  than the  van der  Waals term does. 

smal l  J and l a rge  R , t h i s  c o r r e c t i o n  t o  t h e  c e n t r i f u g a l  p o t e n t i a l  

should not be neglected i n  t h e  nuc lear  equat ions  of motion. 

2 i n  the  c e n t r i f u g a l  p o t e n t i a l  

Hence, f o r  

It should a l s o  be noted from t h e  a c c u r a t e  p o t e n t i a l s  of Kolos 

and Wolniewicz'l t h a t  t hese  long range r e p r e s e n t a t i o n s  of t h e  

p o t e n t i a l  a r e  accu ra t e  only fo r  

e l e c t r o n  exchange. 

R > loa, , due t o  our neg lec t  of 

Kolos and Wolniewice's a c c u r a t e  p o t e n t i a l s  only 
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extend t o  loa ,  , and t h e r e  i s  s t i l l  s u f f i c i e n t  exchange c o n t r i b u t i o n  

a t  t h a t  po in t  t o  prevent matching our p o t e n t i a l  and t h e i r s .  
5 

C. The Bound - 
L e t  us now consider  a hydrogen molecule with i n s u f f i c i e n t  energy 

t o  d i s s o c i a t e  t o  t h e  atoms. For t h i s  ca se  it  can be shown from t h e  

secu la r  equat ion (4-37) t h a t  the f i r s t  c o n t r i b u t i o n  of t h e  n 
coupl ing t o  t h e  energy i s  of 8(p-*) . Hence, one can combine 

t h e  extended a d i a b a t i c  and a d i a b a t i c  t reatments  of Sec t ion  I V  and 

write the  nuclear  equat ions of motion f o r  t he  bound s t a t e  hydrogen 

molecule complete t o  order  d2 and p-' i n  t h e  form 

(7-21) 

(7-22) 

Here @ i s  given by (2 -49) ,  E [R) i s  given by (5-lo), un?a 
P 

i s  given by Eq. (4-22), and ho, is  given by (4-29) and ( 3 - 3 ) .  

The f i r s t  order  c o r r e c t i o n s  have been discussed.  

Eq. (7-21) needs t o  be solved accu ra t e ly .  Since b o ,  and 
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c o n t r i b u t e  t o  t h e  energy only i n  sk*) , they could be c a l c u l a t e d  

t o  s u f f i c i e n t  accuracy using BO wavefunctions. Kolos and 

Wolniewicz'' have ca l cu la t ed  accu ra t e  BO wavefunctions and a l s o  

t h e  r e l a t i v i s t i c  and f i r s t  order a d i a b a t i c  c o r r e c t i o n s  t o  t h e  

p o t e n t i a l ,  and t h e i r  r e s u l t s  could be used. The nonadiabat ic  

co r rec t ions ,  

Kirtman'', and P o l l  and Karl'', bu t  they need t o  be est imated more 

accu ra t e ly .  

r e a d i l y  be est imated.  The k,, terms need f u r t h e r  study. (For the 

ground r o t a t i o n a l  s t a t e ,  which is  of t h e  most i n t e r e s t ,  

5 unad , have been est imated by Van Vleck , F i s k  and 

The Er/. t e r m  has u s u a l l y  been neglected but  could 

J = 0 and 

h,, = 0 When a l l  t hese  c o r r e c t i o n s  a r e  included,Eq. (7-21) should 

give extremely accu ra t e  r e s u l t s .  However, i t  i s  expected t o  i n c r e a s e  

t h e  ca l cu la t ed  d i s s o c i a t i o n  energy and thus  no t  improve agreement 

with t h e  experimental  d i s s o c i a t i o n  energy of H 2  . 
Let u s  now r e s t r i c t  Eq. (7-21)  t o  t h e  l a rge  R region.  Since 

The t h e  6lp-l) c o r r e c t i o n s  a re  small ,  w e  keep only t h e i r  lead t e r m .  

JL coupling term i s  

The unique i d e n t i f i c a t i o n  of t h e  s t a t e  g(/,f3,3) may not be 

3 +  poss ib l e .  The e n e r g e t i c a l l y  n e a r e s t  cand ida te s  are  t h e  

'5 , and "4 sta tes  which come from one 1s-hydrogen atom 

and one 2s- or 2p- hydrogen atom. Because of Eq. (7-6) t h e  ; 

term i n  (7-23) does no t  c o n t r i b u t e  u n t i l  a t  l e a s t  6(\  /pRs) 3 
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, 

and i t s  l a r g e  energy e f f e c t  i s  n e g l i g i b l e .  The t e r m  c a n  

c o n t r i b u t e  and make ho, I I/.R) . The r e s u l t i n g  e f f e c t  

on t h e  energy i s  of 6 ( IpR2)  

one wants extremely high accuracy. 

and i s  n e g l i g i b l e  un le s s  

A t  l a r g e  R , t h e  $?(R) c o r r e c t i o n  can be 

approximated from 

(7-24) 

But these  are equ iva len t  t o  t h e  second order mass p o l a r i z a t i o n  

c o r r e c t i o n s  a t  !?=A) 

s o l v i n g  the  separated atom equation e x a c t l y  i n  reduced mass atomic 

u n i t s ,  and w r i t i n g  t h e  r e s u l t  i n  Hartree atomic u n i t s  again.  One 

f i n d s  t h a t  

. They can be found ins t ead  by us ing  (7- lo) ,  

(7-25) 

The f i r s t  order  c o r r e c t i o n  i s  t h a t  obtained a t  (7-14). Thus, t he  

dominant c o n t r i b u t i o n  t o  Gp(g) a t  l a r g e  R i s  

(7-26)  
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and i t s  energy con t r ibu t ion  i s  n e g l i g i b l e  fo r  most purposes.  

could a l s o  be subt rac ted  o f f  a long wi th  f5('', and %Iw). 

It 
f0) 

I n  es t imat ing  the  lead t e r m  of knad a t  l a r g e  R , w e  take  
A 

ajs-z - 1  I t he  t r a n s i t i o n  energy from the  ground 'E: s t a t e  t o  

,114 the  f i r s t  exc i ted  ' r b  s t a t e  of H2, a s  a reasonable  "guesstimate 

of dj, . Then, 

(7-27) 

The c r o s s  term vanishes  because of p a r i t y ,  and because of t he  

s p h e r i c a l  symmetry of t h e  atoms, 

From Eq. (7-9) t h i s  i s  

(7-28) 

(7-29) 

which w i l l  a l s o  gene ra l ly  be neg l ig ib l e .  

Neglecting these  t i n y  co r rec t ions ,  t he  equat ion  fo r  nuc lear  

motion a t  l a rge  f? becomes 
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(7-30) 

Thus, n e i t h e r  t h e  a d i a b a t i c  nor the nonadiabat ic  c o r r e c t i o n s  have 

much e f f e c t  on t h e  long range e f f e c t i v e  p o t e n t i a l  of the bound 

molecule. 

tf, 

D. The hh. S m  H2 S a  

L e t  us now consider  t h e  nuclear equat ions of motion fo r  t h e  

3 e s t a t e s .  For s impl i c i ty ,  we neg lec t  a l l  second order and 

nonadiabat ic  t e r m s  except t h e  coupling. Assuming a l s o  t h a t  t he  
1, 

r e l a t i v e  k i n e t i c  energy i s  i n  the thermal range (considerably less 

than  t h e  f i r s t  e x c i t a t i o n  energy of an H atom, a g  / D L . K ) ,  
53 40 

one can a l s o  neg lec t  t h e  fi coupling with higher  s t a t e s  and only 

inc lude  coupl ing between t h e  th ree  s ta tes  of t he  t r i p l e t .  The 

r e s u l t i n g  equat ions are  

. The t h i r d  nuclear  func t ion  has oppos i t e  

p a r i t y ,  f =  J + 1  
d i s t a n t  exc i t ed  s ta tes .  Neglecting t h a t  coupling, i t s  equat ion i s  j u s t  

, i n  Eq. (4-36) and only has &. coupl ing t o  
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( 7 - 3 2 )  

A t  large R , one can use Eq. ( 7 - 6 )  and atomic parity t o  show 

that the leading term of k , ,  and hi ,  i s  

( 7 - 3 3 )  

and with Eq. ( 7 - 1 7  and 18) the three equations become 

( 7 -  3 5 )  

( 7 - 3 6 )  
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where the constant terms i n  the potent ia l  have been subtracted o f f .  

These are examples of the kinds of equations one encounters 

in t h i s  formalism. 
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V I I I .  APPENDICES 

ARpendix*Re.!m 

I n  t h i s  appendix, we transform the  Bre i t -Pau l i  Hamiltonian f o r  

a system of N e l e c t r o n s  and two n u c l e i  (a and b )  from laboratory-  

f ixed  coordinates  i n t o  t h r e e  d i f f e r e n t  r e l a t i v e  coordinate  systems. 

The d i r e c t i o n a l  axes are kept space-fixed here.  

Appendix B. 

They a r e  r o t a t e d  i n  

1. The Hamiltonian i n  Laboratory-fixed Coordinates 

I n  the l abora to ry  coordinates  t h e  Bre i t -Pau l i  Hamiltonian of 

our system i s  

( A - 1 )  

where t s t ands  f o r  " total" ,  and t h e  t o t a l  k i n e t i c  energy i s  

- 1  . Here eve ry th ing  i s  i n  t h e  where 

Hartree atomic u n i t s  discussed i n  Sec t ion  11, and m, and fib are 

qij - 7 yB , g = a , b , I 9 * * N  

t h e  masses of t h e  n u c l e i  a and b . The e l e c t r o s t a t i c  p o t e n t i a l  

energy V is  
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4 =( 137, 037)-' i s  the  f i n e  s t r u c t u r e  cons tan t  and Nd con ta ins  

t h e  magnetic and r e l a t i v i s t i c  co r rec t ions .  

given by Meath and Hirschfe lder  

We use the  form of %d 
20 . 

This  Hamiltonian i s  w r i t t e n  i n  terms of the  labora tory- f ixed  

coord ina  t e s ,  

( A - 4 )  

where 3; i s  t h e  s p i n  operator  of e l e c t r o n  , and t h e  rest 

of t he  set a r e  vec to r s  from some po in t  i n  the  l abora to ry  t o  the  

p a r t i c l e s .  

The Hamiltonian has  the  following set of cons t an t s  of t h e  motion, 

(A-5)  

They a r e  r e spec t ive ly ,  t he  square of t he  t o t a l  angular  momentum, & 
The component of zr along the  space-fixed (primed) Z a x i s ,  t h e  

inve r s ion  of t he  coord ina te  system, the  exchange of any two e l e c t r o n s  

i and j , and t h e  interchange of t he  n u c l e i  a and b . The 

ba r  over Zb impl ies  t h a t  %,, i s  only a cons tan t  of t h e  motion 

i f  t h e  n u c l e i  a r e  i d e n t i c a l  (%l,=mb ~ zL= z b )  I f  
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r e p r e s e n t s  t he  components of 

then t h e  a c t i o n s  of t he  ope ra to r s  on these  coordinates  are  as follows. 

ra along t h e  laboratory f ixed  axes, 

and 

(A-9) 

(A-10) 

(A-11) 

Here we have suppressed a l l  coo rd ina te s  i n  3~ t h a t  a r e  not  

a f f e c t e d  by a p a r t i c u l a r  operator .  2 and 5 a r e  c l e a r l y  t h e  

e l e c t r o n i c  o r b i t a l  and s p i n  angular  momenta. 

2. The Separated Atom Re la t ive  Coordinates 

We now transform t h e  ope ra to r s  of t h e  previous subsec t ion  i n t o  

t h e  "separated atom" coordinate  system. 

i n  t h e  main body of t h e  paper. 

Th i s  system i s  discussed 

The "separated atom" r e l a t i v e  

coordinates  are t h e  set , - R , r defined by 
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( see  Figure l a ) :  

i= I 

I n  atomic u n i t s ,  

= M , t m , + N  

(A- 12) 

( A - 1 3 )  

is t h e  t o t a l  mass of t h e  system, and i s  the  cen te r  of mass of 

t h e  e n t i r e  system. 

The momentum opera tors  a r e  r e a d i l y  transformed i n t o  t h e  new 

89 coord ina te s  by use of t h e  chain r u l e  . 

( A - 1 4 )  



(A- 15) 

It  i s  a l s o  convenient t o  have the inverse of E q .  ( 1 2 ) .  I t  i s  

e a s i l y  found and i s  

(A-16) 
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Here M = Ma + Na and M,, = % + (N-N ) are the  t o t a l  masses of 

t h e  "atoms" a and b . 
a a 

To transform NT i n t o  these coordinates ,  we note t h a t  v i s  

t r i v i a l l y  w r i t t e n  i n  terms of them and i s  independent of 2 , and 

20 %d depends only on r e l a t i v e  vec to r s  (which are  independent of C, ) 
50 and on t h e  e l e c t r o n i c  momenta . But i n  Eq. (A-15), 

s o  t h a t  t h e  change i n  %A 

Hence, i n  

r e l a t i v e  coordinate  system. To t ransform Tz i n t o  t h e s e  coordinates ,  

w e  j u s t  s u b s t i t u t e  i n  Eq. (A-15). The r e s u l t  i s :  

i s  of @ c $ )  and hence n e g l i g i b l e .  

w e  j u s t  l e t  -f'--bf;~ t o  express  it i n  t h i s  

where /L" i s  t h e  reduced mass of t he  nuc le i ,  ,&= %me/(m,+mb), 

(A-19) 

(A - 2 0) 

(A-21) 
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and 

(A-21) 

TL i s  the  e l e c t r o n i c  k i n e t i c  energy opera tor  i n  the  BO 

approximation. w e  p’ and t h e  mass p o l a r i ~ a t i o n ~ ~  ope ra to r s  

of t h e  separated atoms. 

and nondiagonal p a r t s ,  

They a r e  o f t e n  s p l i t  i n t o  t h e i r  diagonal  

The diagonal  p a r t s  a r e  j u s t  

(A-23) 

where TJ i s  the  atomic k i n e t i c  energy opera tor .  They simply 

s h i f t  the  energy s l i g h t l y  and give r i se  t o  t h e  normal mass e f f e c t  

i n  atoms. 

which i s  usua l ly  smaller .  

The off  d iagonal  terms produce t h e  s p e c i a l  mass e f f e c t ,  

It i s  convenient f o r  us  t o  keep them 

toge ther  and be a b l e  t o  use t h e  

We now have wr expressed 

system. The only dependence of 

f i r s t  term of Eq. (A-18), 

BO wavefunctions.  

i n  the separa ted  atom coord ina te  

?/T on i s  contained i n  t h e  

(A - 24) 
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~y s e t t i n g  qr= q, and a p p r o p r i a t e l y  choosing t h e  ze ro  

of energy, we can e x a c t l y  separate  off t h e  u n i n t e r e s t i n g  motion of 

t h e  cen te r  of mass and leave a s  t h e  equat ion fo r  r e l a t i v e  motion, 

where 

M = T + V  + d2Nd 

and from Eq. (A -18 ) ,  

T= T,-T, 

( A - 2 5 )  

( A - 2 6 )  

( A - 2 7 )  

Now l e t  us determine the  operators  of (A -5 )  i n  t h i s  r e l a t i v e  

coordinate  system. From Eq. ( A - 1 2 )  and Eq. (A-6 and 8), it i s  clear 

t h a t  

( A - 2 8 )  

( A - 2 9 )  

( A - 3 0 )  
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where i f $ ;  I4 &jL_ N ;  and a Lc ,d  6 b . S u b s t i t u t i n g  

Eq. ( A - 1 5 )  and (A-16) i n t o  Eq. ( A - 9 )  and rearranging,  w e  g e t  

(A-31) 

i n v a r i a n t  under the  t ransformation.  When the cen te r  of mass motion 

i s  separated o f f ,  t he  conserved angular momentum w e  a r e  i n t e r e s t e d  

i n  i s  

(A-32) 

3. The Center of Mass of t h e  Nuclei System 

The second r e l a t i v e  coordinate  system t o  which we t ransform 

i s  t h e  ”center of mass of t he  n u c l e i ”  (CMN) system. It 

avoids t h e  nuc lea r - e l ec t ron ic  c r o s s  der ivat ives4’  which appeared 

i n  t h e  other system. It  i s  convenient f o r  bound s t a t e  molecules 

and a l s o  fo r  s h o r t  range p o t e n t i a l s  because i t  goes smoothly t o  

91 t h e  uni ted atom Hamiltonian . I n  t h i s  system t h e  e l e c t r o n i c  

coordinates  a r e  taken r e l a t i v e  t o  t h e  c e n t e r  of mass of the n u c l e i  

a s  fol lows:  (See Figure l b )  

90 
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(A- 33) 

M 9 , a n d -  P are thus the same as  i n  the previous system. 

Using the chain r u l e  as  before, we find that 

( A - 3 4 )  

The inverse transformation i s  
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Eq. (A-17)  holds a s  before .  The r e l a t i v e  vec to r s  i n  ’HA and v 
a r e  e a s i l y  w r i t t e n  using (A-35) .  

we ob ta in  

S u b s t i t u t i n g  Eq. (A-34)  i n t o  Tt 

where p is t he  nuclear  reduced mass as before ,  and 

(A-36)  

(A-37)  

so t h a t  the  

The center  of mass motion sepa ra t e s  j u s t  a s  i n  t h e  separa ted  atom 

system, so t h a t  i f  

i s  given by Eq. (A-26)  us ing  Eq. ( A - 3 6 )  fo r  Tc 

f,,% term i s  the  uni ted atom mass p o l a r i z a t i o n  ope ra to r .  

T =  TT -Tc  , t he  r e l a t i v e  Hamiltonian 

. 
The symmetry opera t ions  become 

( A - 3 8 )  
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I f  ma = m,, , 

The t o t a l  angular momentum becomes 

(A-40) 

(A-41) 

and T= z T - L c  i s  aga in  

t h e  i n t e r e s t i n g  conserved angular momentum. 

The removal of r o t a t i o n  from the  Hamiltonian i n  t h i s  system 

i s  discussed a t  t h e  end of Appendix B. 

4. The "&? '' System ( Jo ins  Centers of Masses of Two "Atoms") 
r 

The t h i r d  system i n t o  which we  t ransform %r was suggested 

-P by Jepsen and Hi r sch fe lde r  34,40. 

between the  c e n t e r s  of masses of t h e  "atoms" or subsystems i s  used 

as  a coordinate  r a t h e r  than . And i n  t h i s  system goes 

smoothly t o  the  separated atom l i m i t s  bu t  does no t  con ta in  t h e  

bothersome nuc lea r -e l ec t ron ic  c ros s  de r iva t ives .  A s  a r e s u l t  t h e  

coupl ing terms are  smaller and t h e  nonadiabatic c o r r e c t i o n s  go t o  

z e r o  a t  i n f i n i t e  separat ion,  so t h a t  f o r  s u f f i c i e n t l y  l a r g e  

d i s t a n c e s  i t  may w e l l  have more phys ica l  meaning than t h e  separated 

atom system used i n  the  t e x t  of t h i s  paper. 

i s  seve re ly  l imi t ed  by t h e  f a c t  t h a t  i s  not i n v a r i a n t  t o  

I n  t h i s  system t h e  vector  

However, i t s  use fu lness  
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exchange of e l e c t r o n s  between the  two atoms, and it becomes ill- 

defined and v i r t u a l l y  impossible t o  use a t  any in t e ra tomic  s e p a r a t i o n s  

small enough t h a t  e l e c t r o n  exchange must be included. 

p o t e n t i a l s  and t h e  

t h i s  system, but  they would seem t o  be of l i m i t e d  value,  s i n c e  i t  

i s  d i f f i c u l t  t o  connect them a c c u r a t e l y  t o  the  res t  of t he  p o t e n t i a l ,  

which must be i n  terms of R 
paper but present  rhlz 

Long range 

a d i a b a t i c  c o r r e c t i o n s  a r e  r e a d i l y  c a l c u l a t e d  i n  

. We do not  use t h e  system i n  t h i s  

i n  t h e  system f o r  use i n  i n t e r p r e t i n g  our 

system i s :  (See Figure IC) 
The 4 separated atom system resul ts .  

( A - 4 2 )  

The mass symbols here  a r e  those used earlier.  The only change from 

t h e  separated atom set  i s  the use he re  of ,f 
t h e  cen te r  of mass of "atom" a t o  t h a t  of "atom" b . 

, t h e  vec to r  from 

I n  these coord ina te s  t h e  momenta become 
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(A-43)  

The inverse transformations are 

(A-44)  

From Eq. (A-44)  one sees that 

(A-45)  

is the reduced mass of the where pa4 = w w i 5 4 , $ f l b )  
atoms and -J 

(A-46)  
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I n  t h e  BO approximation 

neg l ig ib l e .  Even here  i n  

j u s t  changes 

t h e  d i s t i n c t i o n  between E and $ 

$d 

i n  t h e  separated atom form of Id . 

i s  

the  c o r r e c t i o n  i s  negl ig ib le ,  and one 

To transform v 
separa ted  atom coord ina tes  and then use (A-45). It appears somewhat 

complicated, but fo r  l a rge  ,f , i t  can be expanded a s  a Taylor 

series i n  

t o  these  coord ina tes  we w r i t e  i t  i n  terms of the  

( A - 4 7 )  

Each of these terms can be expanded i n  powers of 

developed by Rose:4 and the  in te ra tomic  p o t e n t i a l  and c o r r e c t i o n s  can be 

ca lcu la ted .  

us ing  methods 

I n  t h i s  coord ina te  system, 

where ’$ , pa , have been given before ,  so  t h a t  he re  

d i f f e r s  from ( A - 1 8 )  only by 

e l e c t r o n i c  c r o s s  de r iva t ives .  
qfi+ #4 and t h e  absence of nuclear  

The center  of mass motion sepa ra t e s  a s  before .  And i n  t h i s  

system, 

( A - 4 9 )  
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The symmetry operat ions become 

(A-50) 

(A -51 )  

i f  i and j are i n  t h e  same atom, but i f  i and j are i n  

d i f f e r e n t  atoms, 

The same i s  t r u e  of &, . Hence, p can only be used f o r  

widely separated atoms and cannot be extended i n  t o  match with the 

other  p a r t s  of the  p o t e n t i a l .  For t h i s  reason w e  do n o t  t r ea t  t h i s  

system any fu r the r .  

,#) i s  ne i the r  i n v a r i a n t  nor simply altered by xi, 
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A S  

I n  t h i s  appendix the r e p r e s e n t a t i o n s  of the r o t a t i o n  group a r e  

used t o  ob ta in  the r e s u l t s  of Sec t ion  11. There a r e  four p a r t s :  

1) t h e  sepa ra t ion  of t h e  r o t a t i o n a l  coordinates ,  2 )  t h e  t ransformation 

of t h e  inversion ope ra t ion  t o  body-fixed coordinates ,  3 )  a d i scuss ion  

of t h e  double-valued r e p r e s e n t a t i o n s  of t he  r o t a t i o n  group 

encountered when the angular momentum is h a l f - i n t e g r a l ,  and 4 )  a 

p resen ta t ion  of t he  resul ts  of Sect ion I1 i n  t he  cen te r  of mass of 

t h e  n u c l e i  (CMN) coordinates .  

1. Separat ion of Rot a t  iona 1 Coordinates 

The HWC s e r i e s  42-46 i s  followed c l o s e l y ,  and t h e  reader i s  

r e f e r r e d  t o  those papers f o r  more d e t a i l .  The n o t a t i o n  and 

conventions correspond more t o  the  l a t e r  papers 44-46 i n  t h e  series.  

a .  Conventions 

The no ta t ion  and conventions a r e  those  of Sec t ion  11. I n  

a d d i t i o n  it i s  convenient t o  l i s t  some of t h e  conventions i n  more 

d e t a i l .  Le t  u s  t ake  

I 

XI= (y 
t o  be t h e  components of yr I? r e l a t i v e  t o  space-fixed axes.  The 

space-fixed axes a r e  denoted by the primed u n i t  vec to r s ,  



137 

& I =  ( E ;  ,e"; ,2;1* 

The body-fixed coord ina tes  a r e  given by % , % , where 

v =  RYS' and 

-#= R x i  

The r o t a t i o n  matr ix  fR i s  orthogonal, 

(B-4) 

W e  choose t o  r o t a t e  axes r a t h e r  than vec tors ,  s o  t h a t  .$ i s  

i n v a r i a n t  t o  t h e  ro t a t ion :  

Then, it i s  c l e a r  t h a t  the  body-fixed axes e a r e  

& =  e % ,  
And s c a l a r  products a r e  c l e a r l y  i n v a r i a n t  t o  r o t a t i o n s ,  

(B-7) 



138 

The func t iona l  convention used i n  Sec t ion  11, 

i s  t h e  convention of HWC, Wigner", and Hamermeshg3, but  i s  oppos i te  

t h e  convention of Rose . The wavefunctions a r e  chosen t o  t ransform 

as b a s i s  funct ions of t he  i r r e d u c i b l e  r ep resen ta t ions  of t h e  

r o t a t i o n  group, 

94 

form a r ep resen ta t ion  of t h e  group. Here J i s  

t h e  t o t a l  angular momentum quantum number, and and f l  

(-5- c Fu1,sLc 5 )  a r e  magnetic quantum numbers. It i s  

c l e a r  from (B-9) t h a t  

(B-10) 

Eq.' (B-9) and (B-10) de f ine  

phase f ac to r .  

up t o  an  a r b i t r a r y  

The phase i s  f ixed  by r e q u i r i n g  t h e  s p h e r i c a l  harmonics 

)$.. , t o  t ransform according t o  (B-9). .The s p h e r i c a l  harmonics 
95 

m 
used f o r  t h a t  purpose he re  a r e  those of Condon and Shor t l ey  

Wignerg6, and Roseg7. They d i f f e r  by L-J>" from the  vL which 

HWC use , 

, 

98 

(B-11) 



The choice made he re  allows one t o  u s e  t h e  o rd ina ry  r a i s i n g  and 

lowering ope ra to r s  which are defined by Eq. (2-22 t o  24). 

(B-11) i n  (B-9) shows t h a t  

Use of 

99 

(B-12) 

The wavefunction used i n  the t ransformations i s  given by 

E¶. (2-37), 

(2-37) 

i s  i n  body-fixed coordinates;  hence, Here Q 6,% ) qJ2) 
i s  the  component of t he  angular momentum along t h e  body-fixed 

t axis. 

b.  The problem 

To determine the  equat ion s a t i s f i e d  by $ i n  t h e  body-fixed 

coord ina te s  we s u b s t i t u t e  Eq.  (2-37) i n t o  t h e  space-fixed r e l a t i v e  

Schr odinger equation, 
1 1  

where was obtained i n  Appendix A, 

(B-13) 

(B-14) 
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and t h e  qf have t h e  usua l  g rad ien t  r e p r e s e n t a t i o n  i n  space-fixed 

coordinates .  

Now l e t  be a r o t a t i o n  described by t h r e e  E u l e r  angles  

, (3, and Y, which are a r b i t r a r y ,  except t h a t  they a r e  

r e s t r i c t e d  t o  be independent of t he  e l e c t r o n i c  coord ina te s .  Then 

H a  does no t  ac t  on D;p%4,t,T)] . Furthermore H, 
c o n s i s t s  only of s c a l a r  products which a r e  i n v a r i a n t  t o  r o t a t i o n .  

Hence, w e  j u s t  drop the  primes and Ma i s  prepared t o  a c t  on $(SIN), 

However, fo r  t he  o the r  two operators ,  one needs t o  know 

To eva lua te  the  second t e r m  i n  (B-15) one expresses  L A  I 
i n  terms of t h e  r o t a t e d  coordinates  by means of t h e  cha in  r u l e .  

Before doing so, however, we observe t h a t  $(*,%) depends on 

s p i n  a s  we l l  a s  space v a r i a b l e s .  

t hese  must be r o t a t e d ,  too. 

r o t a t e  the s p i n  axes:3 b u t  they can a l s o  be r o t a t e d  s imultaneously 

with the  space r o t a t i o n  as follows. &; 
with body-fixed coord ina te s  Ui , such t h a t  t h e  s p i n  operator  of 

e l e c t r o n  i is 

3% 

Since xd i s  included i n  

The P a u l i  ma t r i ces  can be used t o  

We d e f i n e  a formal vector  

(B-16) 



14 1 

i n  analogy w i t h  Then, i f  l& i s  a t r u e  

vector ,  2;  w i l l  t ransform l i k e  a n  angular momentum. And 9 
becomes 

Now by the  chain r u l e ,  

(B-18) 
Using (B-3)  one f i n d s  t h a t  

(B-19) 

Thus t h e  q u a n t i t i e s  needed t o  complete t h e  t ransformation of 

Eq. (B-15) a r e  
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c .  Der iva t ives  of t he  r o t a t i o n  mat r ices .  

Because fR = R(d,p1 '6)  i s  well-known e x p l i c i t l y  i n  

it could be d i f f e r e n t i a t e d  e x p l i c i t l y .  
46,57 terms of t he  Euler a n g l e s ,  

However, HWC have shown t h a t  by t r e a t i n g  the  mat r ices  ID3 
s i m i l a r l y ,  one can ob ta in  the  d e r i v a t i v e s  of 

They have shown t h a t  d i f f e r e n t i a t i o n  of t he  matr ices  i s  equiva len t  

t o  changing the  r o t a t i o n  -& 
The d e r i v a t i v e s  a r e  

and 

from those  of R a  D3 

by an i n f i n i t e s i m a l  r o t a t i o n  A. 

(B-20) 

and 

Here $ i s  t h e  mat r ix  r e p r e s e n t a t i o n  of J . HwC r e p r e s e n t  

i t  a s  the  product of an i n f i n i t e s m a l  r o t a t i o n  about each of t h e  

th ree  axes. To determine , they only need d e r i v a t i v e s  

evaluated a t  s p e c i a l  po in t s ,  

These q u a n t i t i e s  a r e  r e a d i l y  determined from t h e  e x p l i c i t  form 

of . Using them, one f i n d s  t h a t  
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(B-23) 

where 6'" I s  an antisymmetric matrix.  S imi l a r ly ,  HWC show t h a t  

s i n c e  a> is a homomorphic r e p r e s e n t a t i o n  of t h e  group, 
J 

(B-24) 

and a l l  t h a t  i s  needed t o  determine fDJlB) a r e  t h e  q u a n t i t i e s  

HWC determine these  q u a n t i t i e s  by d i f f e r e n t i a t i o n  of t h e  

e x p l i c i t  expressions f o r  

obtained from E q .  (B-10) as follows. It i s  w e l l  known t h a t  

can be w r i t t e n  i n  t e r m s  of t h e  Euler angles  and angular momenta. 

I f  a l l  t he  r o t a t i o n s  are performed about t he  space-fixed axes, 

Rose56 shows t h a t  

D3 . However, they can more e a s i l y  be 

99 Then, Eq. (B-10) i s  j u s t  

(B-26) 

(B-27) 

and the  q u a n t i t i e s  of (B-25) a r e  obtained by d i r e c t  d i f f e r e n t i a t i o n  



144 

and use of t h e  r a i s i n g  and lowering operators .  With (B-30) and the  

ek matrix of Eq. (B-23),  Eq. (B-21) becomes 

(B-28)  

The d i f f e rences  between t h i s  r e s u l t  and t h a t  of t he  l a t e s t  i n  t h e  

HWC s e r i e s  a r e  due j u s t  t o  (B-12) and t h e  f a c t  t h a t  ek i s  

antisymmetric. Using t h i s  antisymmetry, t h e  o r thogona l i ty  of R ,  
and Eq. (B-16), Eq. (BL19) becomes 

, n = 1,2,3 a r e  the  components i n  t h e  body-fixed 

# = h+ 5 , t h e  t o t a l  e l e c t r o n i c  angular  momentum. 

where 

system of 

d .  The standard conf igu ra t ion  

Thus f a r ,  except fo r  t he  r e s t r i c t i o n  t h a t  it be independent 

of t h e  e l e c t r o n i c  coordinates ,  2 has been l e f t  general .  To 

eva lua te  the elements of 

t h e  choice of body-fixed axes. 

6' e x p l i c i t l y ,  62 must be f ixed by 

We choose 2 such t h a t  t h e  new 
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'3 a x i s  l i e s  i n  t h e  d i r e c t i o n  of and such t h a t  t h e  nex 

ax i s  l i e s  I n  t h e  old Sy plane (See Figure 2 ) .  With these 

r e s t r i c t i o n s  Eq. (B-3)  becomes 

and Eq. (B-6) f o r  leads t o  t h e  conclusion t h a t  

=Os 

(B-30) 

(B-31) 

~ q .  ( ~ - 3 3  arid aye a l l  t ha t  is needed t n  A n + a r m i m n  
c-" Y C L . C L r r * r L * -  6k . 

However, i t  is of i n t e r e s t  t o  present @? e x p l i c i t l y .  For t h i s  

choice of , t he  Euler angles  become o( = q ,  4= 8 , and 'd=o , 
where 8 and 'p a r e  t h e  sphe r i ca l  polar  angles  of . The 

ma t r ix  becomes simply 46,57 

To o b t a i n  , gk , l e t  us  d i f f e r e n t i a t e  (B-30 and 31) with 

, and t h e  o t h e r s  elements 
k 

r e s p e c t  t o  One has 

a re  e a s i l y  found t o  be 
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(Ps-33) 

e .  Derivatives of ~[s'J') 
Combining (B-28, 29, and 33),  using the properties of and 

rearranging the sums s l i g h t l y ,  E q .  (B-20) becomes 

where from (B-30) we have used the fac t  that 

(B-35) 

t o  write R instead of i n  . The / \ .  are defined by 
3 
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(B-36) 

(B-38) 

H e r e  a r e  not  ord inary  r a i s i n g  and lowering opera tors ,  bu t  are 

def ined simply t o  ra i se  or  lower t h e  index 2 of any a r b i t r a r y  

funct ion,  f :  $(A) = #..+ 1 ) -  The reason f o r  t r e a t i n g  

as  a r b i t r a r y  w i l l  become apparent below. I f  t he  p rope r t i e s  of 

are  invoked, one sees t h a t  Eq. (B-36 and 37) a r e  equiva len t  t o  

- 

(B-39) 

(B-40) 

where t h e  are t o  be evaluated i n  terms of t he  r a i s i n g  and 

lowering opera tors  r e l a t i v e  t o  body-fixed axes.  Eq. (B-45) has  

used t h e  f a c t  t h a t  t h e  only angular momentum along t h e  in t e rnuc lea r  

axis i s  e l e c t r o n i c  angular momentum, 

(B-41) 
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Eq. (B-34) now provides t h e  f i r s t  d e r i v a t i v e .  The second 

d e r i v a t i v e  i s  

A s  HWC observed, t h e  second t e r m  here  is j u s t  given by Eq. 

i f  one lets 

f ixed  coord ina tes  played by $ before.  And us ing  Eq. (B-28), 

(B-34) 

A j q  play  t h e  r o l e  of t h e  a r b i t r a r y  func t ion  of body- 

one obta ins  

The A j  i n  A 4 ' can be represented  by Eq. (B-38 t o  4 0 ) ,  bu t  the 

second one, 
3 3  

A, , must be represented  by Eq.(B-36 t o  38). 

Summing over k and us ing  t h e  p r o p e r t i e s  of gk and fi?. , 
w e  ob ta in  

(B-43) 
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S u b s t i t u t i n g  i n  Eq. (B-36 t o  40) a s  appropr i a t e  and us ing  the  

commutation r e l a t i o n s  among the  components of 

t he  terms conta in ing  the  components of fR drop out ,  l eav ing  

, one f i n d s  t h a t  #- 

When these  express ions  a r e  worked out  and t h e  G- 

and lower a l l  

same a s  i f  t h i s  equat ion were w r i t t e n  a s  

allowed t o  r a i s e  

2 s  t h a t  follow them, t h e  r e s u l t  obtained i s  the  

and t h e  components of 2 
lowering opera tors .  

allowed t o  a c t  v i a  t h e  r a i s i n g  and 

I 
The c r o s s  d e r i v a t i v e s  a r e  a l s o  needed. The pk don ' t  

a f f e c t  D3C7R) and simply t ransform according t o  Eq. (B-3) .  From 

(B-34)  one has 
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f .  Transformation of t h e  Hamiltonian 

The Schrodinger equat ion  can now be w r i t t e n  out ,  wi th  a l l  the 
I 1  

opera tors  transformed, a s  

Here Eq. ( 2 - l l ) ,  

O f  w-- c a c t  on 9 . Thus, t he  only dependence on 8 and 

i s  i n  the a,",($). 

L = z -  \ , must be used when t h e  components 

To complete t h e  removal of t h e  r o t a t i o n  a t  t h i s  po in t ,  HWC 

use t h e  or thogonal i ty  of t h e i r  . However, \6=0 i n  

Eq. (B-27))and our &&,, a r e  not  or thogonal  i n  d i f f e r e n t  

va lues .  In s t ead ,  t he  o r thogona l i ty  r e l a t i o n s  become 
100 
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(B-48) 

Although the  b&,, cannot be used t o  complete the  removal of t h e  

r o t a t i o n ,  i t  can be accomplished as fol lows.  I f  a l l  t he  ope ra to r s  

i n  Eq. (B-47) a r e  w r i t t e n  i n  terms of i r r e d u c i b l e  tensors ,  they  

a l l  a r e  ze ro  components of t h e  form and commute wi th  3 
( see  Appendix D ) .  

say  $(&) . 

T: 
Likewise, they commute with any func t ion  of Ta, 

Applying R&) t o  Eq. (B-47), one ob ta ins  

ht Pa)- e tw-p 

by p($’) and i n t e g r a t e  

where La i s  a dummy parameter. Mul t ip ly  

~0 from 0 t o  2n , and it  is  c l e a r  t h a t  

(B-50) 

Except fo r  t h e  -!& t e r m ,  t h i s  i s  t h e  r e s u l t  of Sec t ion  I I B .  

The rest of t h e  terms i n  (B-50) a r e  

pr: aR 
L e t  us now consider  t h i s  term. 

Hermitian; hence, t h i s  one should a l s o  be Hermitian. But t he  

i n t e g r a t i o n  over R now involves  the  Jacobian R . By p a r t i a l  
2 
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i n t eg ra t ion66  one e a s i l y  f i n d s  t h a t  

(B-51) 

s o  t h a t  i$i i s  not independently Hermitian. However, f o r  a l l  

func t ions  @ transforming a s  the  i r r e d u c i b l e  r ep resen ta t ions  of 

t h e  r o t a t i o n  group, one can show (Appendix D )  t h a t  

so  t h a t  ?& 
func t ions  of i n t e r e s t .  

i n  which t h e  d i f f e r e n t i a l  R opera tor  is independently Hermitian. 

We thus  take t h e  Hermitian p a r t  of 

i s  s t i l l  Hermitian wi th  r e s p e c t  t o  a l l  t he  

However, i t  i s  convenient t o  use a form 

, 

But t h i s  i s  the  same a s  

(B-52) 

(B-53) 

where -pZ i s  the  r a d i a l  momentum used i n  Sec t ion  11. The added 

term makes no c o n t r i b u t i o n  t o  expec ta t ion  va lues  and w e  a r e  thus  

f r e e  t o  use (B-52) i n  p l ace  of pz!-- i n  Eq. (B-50). 
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2. The Invers ion  Operation 

I n  t h i s  subsect ion,  we want t o  determine $' 9 (sa,*') 

fo r  use i n  Sec t ion  IIB. 

has 

Applying 4 d i r e c t l y  t o  Eq. (2-371, one 

We now u s e  t he  f a c t  t h a t  X =  RS' 

i n  3 j as . though i t  were j u s t  a 

coord ina tes .  Jk'= -$ , and 

s p h e r i c a l  po lar  coord ina tes  of 

(B-54) 

, etc., and t r e a t  t h e  q u a n t i t y  

funccion of r;he space- Liked 

i f  R ,  8 , and 9 a r e  the  

, i t  i s  e a s i l y  shown t h a t  t h e  

s p h e r i c a l  po lar  coord ina tes  of - R  a r e  R , r-8 , and q&7 . 
Since d' 
becomes 

w 

a c t s  s imultaneously on a l l  t h a t  follows it, Eq. (B-54) 

where 



From the  e x p l i c i t  form of @ given a t  (B-32) we can put  

IRCsr-e,cp_trr) = TI'RIbjLp) , where i s  a r o t a t i o n ,  

and i t s  matrix is just 

Using t h i s  i n  (B-56), w e  see t h a t  s ince  

so th'at when a c t i n g  d i r e c t l y  on a func t ion  of the  body-fixed 

coordinates ,  4 '  i s  j u s t  

(B-57) 

(B-58) 

a r e f l e c t i o n  i n  the  body-fixed Y E  plane. For g r e a t e r  c l a r i t y  

we rep lace  $' by qt h e r e a f t e r  when i t  ope ra t e s  on q(%,slo 
Thus, Eq. (B-55) becomes 

46 I n  the  most r e c e n t  paper of t h e  HWC series, Kouri and Cur t i s6  

154 
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have used the  e x p l i c i t  formulas f o r  g~ and shown t h a t  

(B-61) 

Using Eq. (2-37) for  t he  l e f t  hand s i d e  of Eq. (B-60) and changing 

the  dummy index of summation on t h e  l e f t  hand s i d e ,  w e  ob ta in  

Thus, i f  t he  body-fixed wave func t ions  s a t i s f y  

then  t h e  space-f ixed wavefunction @ ($,#') w i l l  have 

d e f i n i t e  p a r i t y  under inversion.  

(B-63) 

3. Double-valued Representat ions of t he  Rotat ion Group 

I n  t h i s  subsec t ion  we d iscuss  the  e f f e c t  on t h e  r e s u l t s  of t h e  

previous two subsec t ions  i f  the t o t a l  number, N, of e l e c t r o n s  i n  

t h e  system is  odd. Each e l e c t r o n  has s p i n  4 , and i f  N i s  odd, 

then  the  t o t a l  angular mamentum of the  system, 

i n t e g e r .  Wigner"' has discussed t h i s  case  i n  d e t a i l .  H e  shows 

t h a t  i f  N i s  odd, t h e  a> form a double valued r e p r e s e n t a t i o n  

of t h e  r o t a t i o n  group. 

J , w i l l  be  a h a l f  

3 

And ins tead  of us ing  the  D' used i n  t h e  
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preceding subsect ions,  w e  should have used (2) 0 
The 2 s igns  can t ake  e i t h e r  value and cannot be  f ixed by any choice 

of convention. Furthermore, i n s t ead  of Eq. (B-24), which was used 

f o r  A and then la ter  f o r  3 
a d d i t i o n a l  unce r t a in ty  

everywhere. 

a t  Eq. (B-60), t h e r e  is t he  

(B-64) 

For most of t h e  symmetry ope ra t ions  t h i s  p re sen t s  no problem, 

s i n c e  they did not  a f f e c t  t he  r o t a t i o n .  However, f o r  h a l f  i n t e g r a l  

J , Eq. (B-63) should read 

-3 -a 
This  equation p r e s e n t s  two problems. One i s  t h a t  c-1) =(;) 

i s  imaginary f o r  h a l f  i n t e g r a l  J . The second i s  t h a t  while  

(B-65) causes p(%’, x’) 
t h e  5 makes i t  impossible t o  say which p a r i t y  p(w:%’) 

t o  have d e f i n i t e  p a r i t y  under 4‘  , 
has.  

To handle t h e  imaginary f a c t o r ,  we fol low Messiah’”, who 

. Then, 

(B-66) 

and q,CJ) i s  used i n  p l ace  of qz i f  J i s  a h a l f -  

i n t e g e r .  seems t o  be t h e  The s imples t  way t o  handle t h e  (?jN 
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s e l e c t i o n  r u l e s  f o r  t r a n s i t i o n s  between s t a t e s .  And t h e  ma t r ix  

elements always involve two wavefunctions, s o  t h a t  any symmetry 

opera t ion  always produces two of t he  e)" which cance l  each 

o the r  out .  

has  doesn ' t  matter. What mat te rs  is  whether i t s  p a r i t y  i s  t h e  

- same a s  or d i f f e r e n t  from t h e  p a r i t y  of t he  other  wavefunction 

i n  t h e  matr ix  element. 

whether or  no t  he inc ludes  the  (3)' 
fzqtnr i s  s i m p l y  ignored i n  the  t e x t .  

I n  such app l i ca t ions ,  which p a r i t y  a wavefunction 

Hence, one ob ta ins  t h e  same s e l e c t i o n  r u l e s  

, and fo r  convenience the  

To complete the  conventions necessary t o  spec i fy  t h e  

behavior under a l l  t he  symmetry opera t ions ,  we choose t o  cons t ruc t  

a l l  angular  momentum eigenfunct ions out  of t h e  usua l  s p h e r i c a l  

harmonics 

t h e  form 

and s p i n  func t ions .  The s p h e r i c a l  harmonics have 95-97 

where @ i s  a r e a l  funct ion.  Also, they obey 

(B-67) 

(B-68) 
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The s p i n  funct ions d = I j,,) = I k )  "2) 
a r e  chosen t o  behave s i m i l a r l y ,  1 = I k ,- k.)  

(B-69) 

and 

(B-70) 

Under inve r s ion  of t h e i r  coordinates ,  t h e  behavior of t h e  

104 
s p h e r i c a l  harmonics is w e l l  known , 

But ,  i n  choosing t h e  s p i n  funct ions,  as Hehe"' pointed out,  we 

are f r e e  t o  t ake  t h e  usua l  convention, 

(B-72) 

4. The Removal of Ro ta t ion  i n  t h e  CMN Coordinates 

I n  Appendix A, we obtained t h e  r e l a t i v e  Hamiltonian i n  t h e  

c e n t e r  of mass of t h e  n u c l e i  (CMN) system. From Eq. (A-36) i t  

can e a s i l y  be w r i t t e n  as 

(B-73) 
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XJCWd) does not  conta in  any nuclear  momentum opera tors  and i s  

i n v a r i a n t  under r o t a t i o n .  Let us r o t a t e  t h e  axes a s  before .  Then, 
I 1  9‘ t ransforms a s  before  and the Schrodinger equat ion i n  body- 

f ixed  coord ina tes  i s  j u s t  

where c= [x- %)= 
p r o p e r t i e s  a r e  the  same a s  i n  t h e  separa ted  atom system and need 

no t  be repea ted .  The e l e c t r o n  exchange is  simple i n  t h i s  system 

and i n v a r i a n t  under the  r o t a t i o n .  Hence, i t  remains given by 

Eq. (A-39). 

I n  these  coord ina tes ,  &= at,, is i n v a r i a n t  under the  

r o t a t i o n  a s  before  and given simply by 

j u s t  a s  before .  The angular momentum 

-c c 

It i s  convenient again t o  u s e  de i n s t ead  of %be 

159 
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i 
Once again,  we use t h e  

and ge t  the condi t ion  t h a t  

D& t o  ge t  a t r a c t a b l e  way t o  t r e a t  3 

(B-77) 

Thus, t h e  formulas i n  t h e  CMN system a r e  even simpler than those 

i n  t h e  separated atom system. 

The Hamiltonian i n  t h e  4 system transforms s i m i l a r l y ,  wi th?  

R chosen t o  l i e  along the  new Q axis i n  p lace  of (rr . The formulas, 

i f  needed, can be w r i t t e n  by inspec t ion ,  and w e  do no t  l i s t  them here .  
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This  appendix con ta ins  the  development of t he  pe r tu rba t ion  

equat ions  and energ ies  for  two s p e c i a l  cases .  I n  the  f irst ,  the  

pe r tu rba t ion  i s  an  opera tor  which i s  only def ined when i t  a c t s  on the  

zero th  order  so lu t ion .  I n  the  second, t he  Hamiltonian i s  an i n f i n i t e  

power s e r i e s  i n  the  pe r tu rba t ion  parameter A . 

1. A D i f f e r e n t i a l  Operator a s  a Per tu rba t ion  

65,68 I n  Sec t ion  I V  the  formulas of ord inary  pe r tu rba t ion  theory 

a r e  used fo r  a pe r tu rba t ion  which i s  an opera tor  and only def ined 

when a c t i n g  on the  zero th  order  wavefunction. We now prove t h a t  

t h a t  u se  was va l id .  

Consider an  a r b i t r a r y  wave equation, 

f o r  which the  only t h i n g  known i n i t i a l l y  i s  a complete set of 

orthonormal approximate so lu t ions ,  p"' , such t h a t  
3 

The l a s t  two terms simply contain every th ing  l e f t  over when a c t s  

on vCo) . The terms a re  taken t o  be ordered by t h e  parameter . 
The pe r tu rba t ions  

and 

degenerate  and t h a t  

3 

%''+;) a r e  def ined.  It is  assumed t h a t  

l4 ")V' gf" and %"' a r e  opera tors  and only 

E:) is  non- 
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Since t h e  set  of was assumed complete, t he  higher  order 

wave funct ions can be expanded i n  terms of them, 

(c-4 j 

Eq. ( C - 4 )  keeps a l l  t he  q u a n t i t i e s  w e l l  def ined when ( C - 3 )  is 

subs t i t u t ed  i n t o  ( C - 1 )  t o  ob ta in  

S e t t i n g  t h e  c o e f f i c i e n t  of each power of 

rear ranging  s l i g h t l y ,  we ob ta in  t h e  n- th  order  pe r tu rba t ion  equat ioo ,  

)I equal  t o  zero  a n d  

j ( C - 6 )  

Upon mul t ip l i ca t ion  by r a n d  i n t e g r a t i o n ,  t h i s  becomes 



h 

If n = O . ,  one obtains 

cons is tent  with the choice of zeroth-order solution.  

If n = 1 and k = i , then 

I f  n = 1, but k f i  , then 

(C-7) 

(C-10) 

(C-11) 

which g ives  the usual spectral  expansion formula for %‘‘I from 

163 

Eq.  ( C - 4 ) .  

68 fashion t o  set 

One i s  free  t o  use the normality re la t ions  i n  the usual 
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If  n=2 and k=i  , Eq.  (C-7) becomes 

(C-12) 

(C-13) 

Since the Hamiltonian d must be Hermitian, 

(C-14) 

Using Eq.  (C-2) and equating powers of i n  (C-14), one sees that 

(C-15) 

This allows EL!’)to be written i n  the more symmetric fashion, 

If  the 5“’- E:’ are replaced by a mean value, d,’  , the 

8um can be performed t o  g ive  the Unsb(1d approximation, 
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. 

(C-17)  

To ob ta in  an  estimate f o r  a,l , le t  us  consider  t he  f i r s t  order  

wave f unc t ion  , 

(C-18)  

I1 
and a s  an approximation t o  

approximat ion, 

ti" , let u s  aga in  perform the  Unsold ' 

(C-19) 

If is  a s t a t e  t o  which the Rayleigh-Ritz v a r i a t i o n  p r i n c i p l e  

app l i e s ,  s u b s t i t u t i o n  of t he  unnormalized t r i a l  func t ion  $'ex $7 
i n t o  the  v a r i a t i o n  p r i n c i p l e  and expansion i n  powers of 

t h e  Hyl le raas  67J68 p r i n c i p l e  for t h i s  case, 

g ives  
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3 (01 
Actual ly ,  only i s  needed i n  the  second i n t e g r a l  i n s t ead  of  *j 

" b u t  Y''' i s  not  known here.  
tr) 

Now let  us assume t h a t  3 0 and s u b s t i t u t e  Eq. (c-19) 

i n t o  (C-20). The r e s u l t  i s  

L e t  us now minimize t h i s  with r e s p e c t  t o  A by s e t t i n g  

(C-21) 

(C-22) 

. .  Nl2' 
i s  allowed t o  depend only on t h e  f i n a l  value of A,' , no t  

f .  
on t h i s  v a r i a b l e  value.  The r e s u l t  is j u s t  

(C-23) 

Use of t h i s  4; i n  Eq. (C-21) gives  t h e  same r e s u l t  as i t s  use 

i n  (C-17), providing an upper bound t o  

D i r  i c h  l e  t p r i n c i p l e  

fy equ iva len t  t o  the  

67 . 
This  completes t h e  d e r i v a t i o n  of t h e  formulas needed i n  S e c t i o n  I V .  
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2. I n f i n i t e  S e r i e s  ExPansion of t he  Hamiltonian 

The r e s u l t s  of t h i s  appendix are not new. They are der ived 

he re  ( f o r  use  i n  Sec t ion  V )  because t h e  formulas obtained from a 

Hamiltonian of t he  form of an i n f i n i t e  power s e r i e s  i n  the  pe r tu rba t ion  

parameter , 

a r e  not  so f ami l i a r  a s  t h e  usual  ').c "'I 

( C 7 2 4 )  

wp desire a per tu rba t ion  so lu t ion  of t he  Schrgdinger equat ion,  

form. 

Let  us assume t h a t  

00 
, and 

(C-25) 

(C-26) 

(C-27) 

n= o 

where h) = IC.'"' is  t h e  n-th order  wavefunction. 

68 The wavefunctions are subjected t o  t h e  usua l  normalizat ion 

condi t ions ,  

(C-28) 
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S u b s t i t u t i o n  of Eq. ( C - 2 7 )  i n t o  t h i s  and r e q u i r i n g  t h a t  i t  hold for 

a l l  allowed leads t o  

( C - 2 9 )  

To o b t a i n  t h i s  r e s u l t  we used the  Cauchy product of sums d e f i n i t i o n ,  

Next, le t  u s  s u b s t i t u t e  the5sums i n t o  Eq. (C-25) and equate  

powers of A . This  leads t o  t h e  n th  order  pe r tu rba t ion  equat ion,  

(C-31) 

k =o 
where 

(C-32) 

Using Eq. (C-29), (C-31), and the  f a c t  t h a t  dQ is Hermitian,  one 

can show by a series of a lgebra i c  manipulat ions t h a t  t h e  

and (2n+l)-s t  o rder  ene rg ie s  can be obtained from the  n - th  

order  wavefunction. The formulas for them a r e  

(2n) - th  

(C-30) 



. 

and 

The procedure f o r  ob ta in ing  these  r e s u l t s  i s  e s s e n t i a l l y  t h a t  

106 
explained by Hirschfe lder ,  Byers Brown, and Eps te in ,  I 

Befote cons ider ing  s p e c i a l  cases ,  let  us  ob ta in  t h e  express ion  

f o r  t he  expec ta t ion  value of any Hermitian opera tor  A which can  

4 be expanded i n  /r , 

n=o 

Using t h i s ,  (C-27), and (C-30) one ob ta ins  

where 

(C-35) 

(C-36) 

((2-37) 

Before ending t h i s  appendix, we g ive  t h e  formulas which w i l l  

be  needed i n  Sec t ion  V and V I .  For n e u t r a l  atoms two of t h e  terms 

i n  the  mul t ipo le  expansion a r e  zero, 
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and 

The f i r s t  three  perturbation equations become 

( C - 3 8 )  

( C - 3 9 )  

( C - 4 0 )  

(C-41) 

Since 

the only allowed so lut ions  h r  the f i r s t  and second order wave- 

functions are 

10) i s  assumed t o  be the proper zeroth order wavefunction, 

( C - 4 2 )  

From the normalization condit ions ( C - 2 9 ) ,  one f inds r e s t r i c t i o n s  

on the constants, 

( C - 4 3 )  

(C-44)  
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and the  imaginary p a r t e  of tit\ and C'") cannot a f f e c t  t he  energy 

or  t h e  expec ta t ion  va lues  of any Hermitian opera tor .  

f r e e  t o  choose 

Hence, one i s  

Then, Eq. (C-42) becomes 

I\) = 12) = 0 ,  (C-46) 

which merely says t h a t  a ze ro  pe r tu rba t ion  does not  pe r tu rb  t h e  

wave f unc t i o n  or t he  energy . 
With these  r e s u l t s ,  t he  pe r tu rba t ion  equat ions  up through t h e  

s i x t h  order  a r e  
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Thus, in) , for n=3,4,5, are a l l  obtained by so lv ing  “f irst-order” 

perturbation kquations. The normalization conditions ( C - 2 9 )  a l s o  

are simplified, 

( C - 4 8 )  

The f i r s t ,  few perturbation energies  become 

(C-49) 

And f ina l ly ,  the f i r s t  few terms i n  the series (C-36) for the 

expectation value of a Hermitian operator become 
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This completes the derivation of the formulas needed in 

Section V. 



174 

I n  t h e  body of t he  paper a number of a s s e r t i o n s  were made about 

t h e  values of c e r t a i n  matr ix  elements. I n  t h i s  appendix the 

p r o p e r t i e s  of i r r e d u c i b l e  t enso r s  used i n  the  t e x t  cire revieved,  

and some p a r t i c u l a r  matr ix  elements encountered i n  the t e x t  are 

discussed. 

107 1. I r r e d u c i b l e  Tensors 

The quan t i ty  TL PI 
i s  t h e  M component of a n  L-* rank 

i r r e d u c i b l e  s p h e r i c a l  tensor  i f  it s a t i s f i e s  t h e  commutation 

r e  la  t ions,  

Here t h e  

system, and 7' 
p a r t i c l e s  i n  t h e  system. 

are  components of t h e  t o t a l  angular momentum of t h e  

depends on the coord ina te s  of any or a l l  of t h e  Pl 

The components of a vector  are  e a s i l y  w r i t t e n  i n  terms of f i r s t  

rank tensors .  I f  1 i s  any vector ,  t hen  
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to = Pz , and 

a r e  the  a s soc ia t ed  i r r e d u c i b l e  tensor  components. Thus, t h e  r a i s i n g  

and lowering opera tors  themselves are i r r e d u c i b l e  t enso r s  (except 

f o r  a normalizat ion f a c t o r ) ,  

The s p h e r i c a l  harmonics, Irn , a l s o  a r e  i r r e d u c i b l e  t e n s o r s  t o  

w i t h i n  a normal iza t ion  f a c t o r .  

The Clebsch-Gordan Theorem. To write a tensor  which depends 

on a l l  t h e  coord ina tes  i n  terms of products  of t enso r s ,  each 

involv ing  the  coord ina tes  of only one atom, one uses  the  Clebsch- 

Gordan theorem, 

where 4, L _ M ,  t &, and - L, & E " 1 ,  4 L, . The Clebsch- 

Gordan c o e f f i c i e n t s  cc ) a r e  w e l l  known. To form i r r e d u c i b l e  



t e n s o r s  from products of i r r e d u c i b l e  t enso r s  a s  was done a t  Eq. (6-371, 

one uses  the inve r se  of t h i s  theorem, 

c 

where t h e  sum on L runs over 

The Wigner-Eckart Theorem. 

IL , -LJ 6. L k L [ ^ a L - L  ' 1  i 

The g r e a t  val!w of i r r e d u c i b l e  

t enso r  ope ra to r s  l ies i n  t h e  ease wi th  which t h e i r  ma t r ix  elements 

and s e l e c t i o n  r u l e s  a r e  obtained us ing  t h e  Wigner-Eckart theorem. 

I f  lj m) i s  an e igen func t ion  of t h e  t o t a l  angular momentum (or of 

t h e  angular momentum assoc ia t ed  with t h e  v a r i a b l e s  on which TL 
depends), then 

M 

The reduced ma t r ix  element 

and m'. 

4.11 11) i s  independent of m, M 

It i s  obtained by e v a l u a t i n g  t h e  i n t e g r a l  on t h e  l e f t  

f o r  any one value of m, m '  and M. Then t h e  ma t r ix  elements for 

a l l  o t h e r  va lues  a r e  obtained d i r e c t l y  from (D-6). The Clebsch- 

Gordan c o e f f i c i e n t  d i r e c t l y  gives  t h e  r o t a t i o n a l  s e l e c t i o n  r u l e s .  

It vanishes un le s s  

m+ M =  m' ( D - 7 )  

and un le s s  j, L and J '  s a t i s f y  t h e  t r i a n g l e  i n e q u a l i t i e s ,  
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[ j - L I  4 3 " L  - j + L  , 

2. Some Matr ix  Elements 

A t  Eq. (4-16) we obtained the  matrix element 

where the  @ a r e  e l e c t r o n i c  wavefunctions, and the  i n t e g r a t i o n  

i s  over t he  e l e c t r o n i c  va r i ab le s .  To t r e a t  it, let  us  observe 

t h a t  t he  e l e c t r o n i c  wavefunction can always be cons t ruc ted  such 

, where $ I $  
t h a t  i t s  only imaginary p a r t  i s  due t o  a phase e 
depends only on t h e  azimuthal  angles, 

r e l a t i v e  t o  t h e  body-fixed axes. Nei ther  nor 2 a f f e c t s  

9 , of the  e l e c t r o n s  

aR 

t he  azimuthal  angles  of t h e  e l ec t rons ,  and the  phase is thus  

independent of them. 

as i f  t h e  were real  func t ions  . 
Hence, the resul ts  i n  (D-9)  w i l l  be the  same 

108 

Now consider  t he  f i r s t  p a r t  of (D-9).  Because e is Hermitian, 

one has 



Now e i t h e r  i n t e g r a t i n g  out t he  

l e f t ,  a r e  r ea l  or else t r e a t i n g  the  

complex conjugation i n s i d e .  

?a f i r s t ,  so t h a t  t h e  func t ions  

as real ,  one can t ake  t h e  

& i s  an imaginary Hermitian ope ra to r ,  

and t h e  r e s u l t  i s  

( D - 1 0 )  

To eva lua te  t h e  second p a r t  of (D-9) l e t  us use t h e  f a c t  t h a t  

i s  independent of t he  e l e c t r o n i c  i n t e g r a t i o n ,  

Th i s  l a s t  r e s u l t  i s  aga in  due t o  t h e  f a c t  t h a t  only t h e  r e a l  p a r t  

of % depends on R . This  concludes t h e  demonst la t ion t h a t  

(D-9) i s  i d e n t i c a l l y  zero.  

I n  connection wi th  Eq. (5-44), l e t  u s  consider  
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. (D-12) 

The last step again was possible because only the real part of qi 
was operated on. 

Finaiiy, we want to prove iiq. (4-43j, 

From Eq.  ( 4 - 2 9 )  this is 

where 

(4-40) 

( 4 - 2 9 )  

NW is an eigenfunction of reflection, 

( 4 -  34)  

t 
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Using t h i s  and the fact  that cqz i s  Hermitian, one has 

(D-13) 

The components of E 
but the components of 

Using Eq. (D-2) and the de f in i t ions  of the r a i s i n g  and lowering 

operators one immediately f inds that 

behave l i k e  the coordinates (2-44) under 0;~ 

behave oppositely,  l i k e  angular momenta. t 

(D- 1 4 )  

and using Eq. (4-33) and (2-24), E q .  (D-13) becomes E q .  (4-401, 

the desired r e s u l t .  
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a.  The Separated Atom Relative Coordinates 
c 

I 18 1 

. .  

b.  The Center of Mass of the Nuclei (CMN) System 

b 

a 
c .  The '9" System for Two One-Electron Atoms 

Figure 1. Relative Coordinates. The d irec t iona l  axes 
(not shown) are space-fixed. 
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